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Abstract. In this note we study the boundedness of the periodic Fourier
transform from Lebesgue spaces into Holder spaces. In particular, we
generalize a classical result by Bernstein, [1]. MSC 2010. Primary 42A24,
Secondary 42A16.

Resumen En este articulo, se estudia la acotaciéon de la transformada
periédica de Fourier desde espacios de Lebesgue a Espacios Holder. Par-
ticularmente, se generaliza un resultado clasico de Bernstein.
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1. Introduction

Let us consider the periodic Fourier transform acting on measurable functions

f:T—C by
2

! /e—mef(e)da n € Z, (1)

T o
0

where T = [0, 27) is the one-dimensional torus. As it is well known, if f € L?(T),
then .Z f € L*(Z) and || f||L2(r) = |-Z fllL2(z)- A generalization of this fact is the
Hausdorff-Young inequality: if f € LP(T), 1 < p < 2 then

17 Lo 2y < 1fleeery, 1/p+1/p =1, (2)

Here, the periodic Holder spaces are the Banach spaces defined for each 0 < s <1
by

(Ff)(n) = f(n)

A(T)={f:T—-C:|f

A= = sup [f(z+h) = f(z)|[h]™" < oo}
z,heT
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together with the norm || f||1s = |f|as +supger | f(2)|. The main problem here is
to determine which properties of f guarantees the p-summability of its periodic
Fourier transform. In this topic, chronologically one should apparently start
with the celebrated paper by S.N. Bernstein of 1914 [1] where he shows that if
feA(T), 1/2 < s <1, then Z f € L'(Z). The Bernstein theorem is sharp: there
exist functions in A2 (T) whose Fourier transform does not converge absolutely.
A classical example is the Hardy-Littlewood series

f(9) — i 6in logneinO/n' (3)
n=1

For 1 < p < oo the inclusion map i : L*(Z) — LP(Z) is continuous. Hence, by the
Bernstein theorem, the Fourier transform is a bounded operator from A°*(T) into
LP(T) for all 1 < p < oo and % < s < 1. Bernstein’s theorem was generalized by
O. Szész (see [9,10]) who proved that if f € A®" then # f € LP(Z), p > 1, where
s>1/r+1/p—1if1 <r <2ands>1/p—1/2if r > 2. Szasz also gave examples
to show that the range of values of s could not be extended. The Bernstein theorem
and the Szasz results has been extended to other groups. On the other hand, is
known the Zygmund’s result (see [5,19]) that the Holder condition in Bernstein’s
theorem can be relaxed if f is of bounded variation. Zygmund shows that, in this
case with f of bounded variation, and f € A*(T), 0 < s < 1, Zf € LY(T). By
the example of f as in (3), the boundedness of the Fourier transform fails from
A3(T) into L'(Z). Other works regarding boundedness of the Fourier transform
in Holder spaces can be found in [11,12,13,14] and [15]. In this paper we obtain
the following generalization of the Bernstein’s theorem.

Theorem 1. Let 2/3 < p < 2 and let s, = 1/p — 1/2. Then, the Fourier
transform f w— Ff from A%(T) into LP(T) is a bounded operator for all s,
sp < s < 1. In particular, if p =1 we obtain the Bernstein Theorem.

We observe that the function p — s, from (2/3,2) into (0, 1) is bijective; with
this in mind one can combine Szasz’s results with our main theorem in order to
give p-summability of the periodic Fourier transform on the interval (2/3, c0).
However, we observe that for p > 2, the lower bound for s can be relaxed. We
present this with more precision in the following remark.

Remark 1. Let 0 < s < 1. Then, the Fourier transform .# : A%(T) — LP(T), is
a bounded operator for 2 < p < 00, i.e, there exists a positive constant C' > 0
satisfying ||.7 f|| L (z) < C|| f|

This note is organized as follows. In Section 2 we present some preliminaries and
the corresponding statement of the Bernstein’s theorem. In Section 3 we present
the proof of our results, which we briefly discuss in the last section.

2. Preliminaries

In this section we introduce the necessary background in harmonic analysis used
in the remainder of this paper. We first define the Fourier transform of certain
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discrete functions. Let a € L?(T). The Fourier transform % (a) = a(-) of a is the
discrete function Z defined by.

27

a(n) = % / =10 4(0)do. (@)

The Fourier inversion formula for Fourier series gives
a(0) =Y _ e a(n). (5)
nez

The Plancherel formula for the Fourier periodic transformation gives

S fam)f? = 5 [ lao)d. (©

meZ

Our main goal is the extension of a classical result proved by Bernstein on
the periodic Fourier transform in Holder functions. Thus, the corresponding
statement is:

Theorem 2. (Bernstein). If f € A*(T), 3 < s < 1 then ||ﬂ|L1(Z) < Ol fll as,
i.e, the periodic Fourier transform extends to a bounded operator from A*(T) into
LY(Z).

Now, we are ready for the proof of our main results, i.e, Theorem 1 and Remark
1.

3. Proofs

Proof of Theorem 1. We begin by considering t,h € T, and f € A%(T) for
some 0 < s < 1. Fourier inversion formulae guarantees that

flt—=h) = f(t) =Y (e = 1) f(n)e™. (7)

nez

If take h = 27/3 - 2™ and 2™ < n < 2™+ we have
e 1> V3. ®)

By (8) and Plancherel formulae, we have

Yoo FmP<s Y et 1P ()P

2m <p<2mtl 2m <p<2mtl
=If(-=h) = FO)Z2m
<fC=h) = FOlZ o

2 2s
ey
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Now we consider the case of the boundedness of .# from A® into LP for 2/3 <
p <2,and s, < s < 1. Let € > 0 be such that p =2 —¢. IchiSC&SG,O<5<%
and s, = 1c(2—¢)7! <s < 1.Ifr =2(2—¢)~! then r > 1. By Holder inequality
we have,

3=
5

Y fmPe< Yoo Fm o > 1

2m <p<2m+l 2m <p<2m+l 2m <p<2m+l

3=

IN

S fmP | 2menr

2m <p<2mtl

< [2m/3- 2|2/ 2tmr O 2

[27‘(‘/3]28/T 2(m+1)/r —2ms/r|f i/ST’JI‘)
First note that T2
m ms g e
7’/ —T—m<§+86—28)+§ (9)

From the conditions 0 < ¢ < 4/3 and 5(2 — €)™ < s < 1 we obtain the relation:
5 +se — 25 < 0. Hence,

YFmPE=3 > )P

n>1 m=02mIn<2m+tl
m(5+se—2s € s/r 2/r
< D 2 Ee 2 w3 £
m=0
2/7"
For n < —1 we recall the formula f(—n) = ?(n) So, we get,
Yy —e iy —c T12/r 2/r
> P = S IF=n)Pe < ClFPL = CIFEL
n<—1 n>1
2/r
< ClIfI
Remembering that |f(0) <
S0P < Ay (10)
nez
Hence,
(2—e)~!
|7 fllez) = (Z If(n)|2_€)
nez
<A1 = O laery
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Finally, we consider the boundedness of . when p = 2. In this case for 0 < s < 1,
by the Plancherel formula, we get:

|Z flle2zy < I fllz2cry < Ol f|

Proof of Remark 1. Let us consider 1 < ¢ < 2 the corresponding conjugated
exponent of p, i.e, the unique real number satisfying 1/p + 1/¢ = 1. By the
Hausdorff-Young inequality we have || f||z»(r)y < || f|| £e(r)- Moreover,

Ifllzecry < N1F Nz

~ G- [ 1@ s

1 [ 1
< (e [ @) = 1O)d) /4 517 0)
1 [ — £(0)| 1
:(%/O |f(|92_(!)f|§s)| ‘Jf’qsdl‘)l/q‘f'%”(o”
_ 27
Sup g e o
< C|lfllas (-

4. Discussion

In this paper we generalize a classical theorem, published in 1914 by Bernstein.
The Bernstein’s theorem gives a sufficient condition for the summability of
the periodic Fourier transform of functions on the circle, by imposing certain
regularity conditions on such functions. More precisely Bernstein’s theorem
guarantees that regularity of order s € (1/2,1] is sufficient. Our Theorem 1
gives the p—summability of the Fourier transform, p € (2/3,1] by imposing
regularity of order s € (s,,1] where s, = 1/p — 1/2. Particularly if p = 1 we
obtain the Bernstein’s theorem. Additionally, we note in Remark 1 that for
the p— summability of the Fourier transformation, p > 2, we need s € (0, 1).
It is possible extend this topic to the case of general compact Lie groups by
using representation theory. This would be part of a future work. Recent works
regarding the summability of the Fourier transform can be found in [3,4,6,7,17,18].
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